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In the present work we study the main physical properties of a gas of K-deformed bosons described 
through the statistical distribution function /« = [exp^^j (/3(|mD^ — ^)) — 1]^^. The deformed 
K-exponential exp^^j(x), recently proposed in Ref. [G.Kaniadakis, Physica A 296, 405, (2001)], 
reduces to the standard exponential as the deformation parameter k ^ 0, so that /o reproduces the 

K 

Bose-Einstein distribution. The condensation temperature T^, of this gas decreases with increasing 
K value, and approaches the '^He(I) - *^He{II) transition temperature Tx — 2.17K, improving the 
result obtained in the standard case (k = 0). The heat capacity (T) is a continuous function 
and behaves as B^T^^^ for T < T^ , while for T > T^ , in contrast with the standard case «: = 0, it 
is always increasing. 

PACS numbers: 05.30.Jp, 05.70.-a 



I. INTRODUCTION 

The liquid ^77e behaviour at low temperature and pres- 
sure has been studied in the approximation of the stan- 
dard ideal boson gas, and described by the Bose-Einstein 
(BE) statistical distribution: 



f 



exp(e) — 1 



(1) 



where e = (3 (^^mv^ — fi) . The condensation tempera- 
ture, calculated within this model, has the value Tc = 
3.07K, while the fluid-superfluid transition temperature 
for the ^i/e, measured at the saturation pressure, is 
T\ = 2.17 K. Therefore the difference between the two 
results is about forty percent. Moreover the heat ca- 
pacity behavior presents in the two cases some qualita- 
tive and quantitative differences. Some models depend- 
ing on a free parameter based on the group theory, de- 
scribing the liquid *He behavior, have been proposed in 
Ref.s 1^, ||, ^, ||. Recently the liquid ^iJe is considered in 
the framework of the nonextensive statistical mechanics 
P, ^, 0] . In Ref. 1^ , a model is developed for the liquid 
"^e, starting from the nonextensive quantum statistical 
distribution of Ref.s ^, given by: 



1 



[exp r-6)]-i - 1 ' 



(2) 



where exp^(a;) = [1 + (1 — q)x] . 
temperature obtained in Ref. |_ 
(^, decreases with increasing q value, 
similar to the experimental result. 

In the present effort we propose a study using a new 
theoretical model, in which the liquid ^-He is viewed as 



The condensation 
I by using the Eq. 
becoming quite 
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a particles gas described by a deformed Bose-Einstein 
statistical distribution, recently proposed in Ref. |l^, p^ , 
depending on one continuous parameter k, given by: 



/ = 



1 



exp{«} 



:e)-l ' 



being 



KX 



1/k 



(3) 



(4) 



The paper is organized as follows: in the Sect. II, after 
recalling the main mathematical properties of exp|-^-j(a;), 
we define the entropy which gives the distribution given 
by Eq. (|^) using the maximum entropy principle. In 
Sect. Ill we introduce a family of integrals for defining 
the physical properties of the gas and subsequently we 
calculate the particle number and energy. In Sect. IV 
the condensation temperature and heat capacity of the 
system are analyzed, while in the Sect. V some conclu- 
sions are reported. 



II. THE K-STATISTICS 

In Ref. it has been shown that the deformed expo- 
nential expj^j(a;) given by Eq. (^ satisfies the equation: 



exp^^^ix) exp^^j(-a;) 



(5) 



It is easy to verify that the most general solution of the 
Eq. (|) is given by exp^^^^^{x) = exp^^^ (^(kx)/^), 
where the generator g{x) of the exp^^ (x) is an 
arbitrary, odd and increasing function, behaving as 
g{x) ^^x. The choice g(x) — x reduces to the exp^^^ (x) 

while if we set g{x) — sinh(2;) we obtain the standard 
exponential exp(2;). 

We remark that exp^^j(a;) reduces to exp(a;) as k ap- 
author, fax: proaches to zero. Namely 6xp^^^ (x) — exp(a;) where 
exp^P^(x) = limK^o 6XP{K}(^)- It is interesting to note 



2 



that exp^^j {x) satisfies several properties of exp(a;), some 
of these properly deformed. For instance exp^^j(x) is a 
positive monotonia increasing function Vx € R, symmet- 
ric with respect to the parameter k, being exp^ (x) = 

expj^j(a;). Asymptotically the exp^^^ (x) follows the 
power law given by 



±l/|Kt 



(6) 



Others useful relations obtained in Ref. ||T2[ are: for 
Va G R it is verified that exp (ax) — [exp (x)] " 
and holds the relation: 

K 

where the K-sum x ® y., is defined through x ® y — 

xvTT^V + yVrT^^ 0, 

Moreover it is remarkable that the inverse function of 
the K-exponential, namely K-logarithm, is defined by 



X — X 
2k~ 



(8) 



It is a monotonia increasing function V.t G R+ and re- 
duces to the standard logarithm when k ^ 0. The 
asymptotic behaviour of the lnj^j(a;) follows again a 
power law given by 



2|k| 



1 1 



x-,o+ 2|k| x\'^\ 



(9) 

Others properties of the luj^j (x) can be found in Ref. 

. It is well known that the maximal entropy principle 
asserts that for a given entropy 



5k = / rva^f) 
Jn 



(10) 



the most probable distribution for the system (formed by 
brownian particles interacting with a bath) is obtained 
as solution of the following variational equation: 



, (11) 



where the constants (3 and /3/i are the Lagrange multipli- 
ers. 

In Ref. ||l^ it has been postulated for the local entropy 
o'k(/) the following expression: 



(12) 



^k(/) = - / d/liV,(/) 



where lnj^j(/) is defined through Eq. (g). Then, from 
Eq. (O) the classical distribution follows 



(13) 



= expj^j ( -/? ( -mv - fi 



We note that for k ^ the entropy S'k reduces to the 
well known Shannon-Boltzmann-Gibbs entropy and the 
distribution of Eq. (^3|) becomes the MB one. 

In this work we arc interested in obtaining K-modificd 
BE statistical distribution. Therefore, we can consider 
the local entropy having the form 



(14) 



that reproduces for k = the standard boson local en- 
tropy. By solving Eq. (11) the stationary distribution 
derived from Eq. {hm assumes the form: 



Ik 



1 



exP{K} (/3(imv2-^)) - 1 



(15) 



The Eq. ( [LSD is the BE K-modificd that we are looking 
for and reduces to the BE stationary distribution as k 
approaches to 0. 



III. IDEAL GAS OF k-DEFORMED BOSONS 

Let us study an ideal gas formed by N identical parti- 
cles governed by the statistical distribution of Eq. (|T^). 
For calculating the typical thermodynamic properties of 
this gas, we will use in the following the integrals J„ (x) 
defined by 



cxpj^^(i + .t) - 1 



-dt 



(16) 



which converge when —1 < n < 1/\k\ — 1. 

It is easy to verify, taking into account Eq. ([l^), that 



'-^=n.CAx) 
ax 



(17) 



The asymptotic behaviour of the integrals J„ (x) for x 
oo is obtained immediately using Eq. (0): 



r(n + l) r(l/|^|-n-l) 

^ ' x^oo (2\K\y/\^\ r(i/ki) 



(i/kl) 



(18) 

Since it will be useful later on, we introduce the following 
auxiliary function: 



Jn (^) 
Jn^lix) 



(19) 



for which the asymptotic behaviour for k 7^ assumes 
the form 



K (^) 



x^oo 1 — (71 + 1)|k| 

On the other hand, in the case k = 0, we have 
F^{x) ^ n . 



(20) 



(21) 
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Let us now consider the physical quantities in the 
thermodynamic Hmit that one can immediately evalu- 
ate from the knowledge of the distribution function de- 
fined through Eg. (IT^) ; the total particle number N — 

Nq + J f{v)(Pv is given by: 



zero only for T < and after recalling Eq.s (12 
( p6| ) we obtain: 



N 



1 - 



T 



and 



(28) 



K V f2m\ 2 3 K , ^ , ^ 

^ = +^[^) P^'^JU^) ' (22) 



where v = while Nq is the particle number on the 
ground state e = 0: 



(23) 



For the total kinetic energy f/ = / ^mv^ f{v)cPv vje 
obtain 



V 2my 5 ^ 



(24) 



Finally from Eq.s (|2^) and (^^ we find straightforwardly: 
= {N~N;)kBTF^,,{v) . (25) 



IV. PHYSICAL PROPERTIES OF IDEAL 
K-DEFORMED BOSON GAS 

The condensation temperature for the K-deformed 
boson gas can be calculated by observing that at this 
temperature the potential u is equal to zero and all the 
N particle are in the excited states. Then from Eq.(|2^) 
we have: 



V 

2^ 



2m 



(26) 



In the limit k — > 0, we obtain the standard condensa- 
tion temperature . Thus, by taking into account that 
j" 



1/2(0) = 2.612-y7r/2 and choosing m 



niHei, Eq. (|2£ 
yields the value Tj = 3.Q7K. After these considerations 
it is easy to find from Eq. ( p6| ) the relation existing be- 
tween the K-modified and the standard T, one: 



c 



(27) 



From Eq. ( |26| ) we note that decreases with increasing 
K value; so by increasing the k value we could approach 
the condensation temperature to the '^He experimen- 
tal transition temperature, namely T\ — 2.17 K. 

Now we consider the behaviour of the particle ratio 
A^Q /N in the ground state, as a function of the tempera- 
ture for different k values. This number is different from 



This expression of /N can also be written as 



N, 




N 



1 - 



KM 



T 



(29) 



In Fig.l the particle rate is plotted at the ground state 
Nq /N vs the temperature rate T/T^ for different k 
values. The shift of the curves Nq /N towards left is 
due to the decreasing of as k increases. This be- 
haviour of is plotted in the insert of the fig.l. Be- 
sides it is remarkable that this decrease of allows us 
to approach the experimental liquid '^He transition tem- 
perature Tx = 2.17K. In fact for k = 0.39 we obtain 
= 2.70A: (excess of 25%) while for k = (standard 
bosons) we have = 3.Q7K (excess of 41%). Finally we 
calculate the heat capacity Cy the K-deformed bosons by 
using its definition 



dU 
dT 



(30) 



For obtaining the expression of Cy we distinguish the 
two following cases: 



(/) T<T, 
{II) T>T^ 



{ly^O) , Ao ^0 (31) 



An 







(32) 



For case (I), after substituting Eq. (gj) into Eq. ( |30|) we 
have: 



2^3/2(0) 



T 

rj-i H 



(33) 



On the other hand, for case (II), preliminary we differen- 
tiate Eq. (|23) obtaining: 



dU 

It' 



dT dv 



(34) 



We note that F^^.^(v) is given by Eq. ([19|), while 

dF^^^UA/dv can be calculated by combining Eq.s ( pj| ) 
and (|l7|). Finally the quantity Tdv/dT can be obtained 
by observing that the total particle number A^ given by 
Eq. (|2^) is a constant and then we have dN/dT — 0. 
This last relation yields: 



„dv „ / ^ 

= (-) ' 



(35) 
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thus we can write Cy in its definitive form in the case 
T > T^: 



Cy , for T < , assumes the form Cy 



(36) 



FinaUy we can write the general expression of the specific 
heat as follows: 



= < 



T <T^ 



(37) 



It is clear that for studying Cy as a function of T one 
needs to know i' — v{T) for T > . In order to calculate 
this function we can combine Eq.s (p2) and (Eq): 



T 



Jl,2{v) 



(38) 



Eq. ( pq ) defines implicitly viT) and numerically one can 
see that v{T) is an increasing function. This function can 
be obtained also directly from Eq. (|3^) by performing an 
integration. 

In Fig. 2 the specific heat Cy /Nks vs the temperature 
T/T° for different values of k is plotted. All curves are 
continuous, while for T — we obtain a discontinuity 
in the first derivative which is due to the phase transition. 



where 

-Bk is a constant depending on k and its behaviour is 
the standard power law of the undeformed bosons. On 
the other hand, for T > we have that Cy depends 
strongly on k and asymptotically it tends to the values 
3/2NkB only when k — 0. For k 7^ we have that 
Cy — > 00 for T — > 00. Moreover we can observe that 
the angular point, corresponding to the transition from 
the non condensate to condensate state, is shifted to the 
left as K increases, in accordance with the behaviour of 
vs K. Finally we consider the classical limit T — s- cx). 
This limit is equivalent to the limit i' 00 and for k = 
we obtain the well known result: 



? Nks 



(39) 



On the other hand, for k 7^ 0, after substituting into 
Eq. (|37|) the asymptotic behaviour of (v) given by 
Eq. (EQ), we have 



C,, 



7T NkB 



4k| 



i2-5\K\)i2-3\K\) 



u{T) 



(40) 



In conclusion we remark that the usual thermodynamic 
formalism of standard bosons, properly modified, can be 
adopted entirely to treat also the K-deformed bosons. All 
the quantities Nq , U , , Cy of the 3-dimensional n- 
bosons here considered have finite value when < k < 
2/5 (when k > 2/5 the total kinetic energy U diverges). 
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V. FIGURE CAPTIONS 

Fig.l. Temperature dependence of the particle ratio in 
the ground state Nq /N for K-deformed boson gas, with 
different k value. We remember that is the standard 
condensation temperature obtained as k = 0. In the 
insert is plotted the k dependence of the K-deformed 
and standard condensation temperature ratio /T^ as 
K takes values in the range < k < 2/5. 

Fig. 2. Temperature dependence of specific heat 
Cy /Nks of K-deformed boson gas with different k values 
in the range < k < 2/5. is the standard condensa- 
tion temperature obtained when k = 0. 
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